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Abstract 

A refined expression for the Faddeev-Popov determinant is derived for gauge 
theories quantised around a reducible classical solution. We apply this result 
to Chern-Simons perturbation theory on compact spacetime 3-manifolds with 
quantisation around an arbitrary flat gauge field isolated up to gauge transfor- 
mations, pointing out that previous results on the finiteness and formal metric- 
independence of perturbative expansions of the partition function continue to 
hold. 
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Introduction 

The Faddeev- Popov gauge-fixing procedure used to rewrite the functional 
integrals arising in non-abelian gauge theories in a form to which perturbative tech- 
niques can be applied, can be formulated in the general setting where the theory is 
quantised around a general classical solution However, when the classical solu- 
tion is a reducible gauge field (e.g. the zero-instanton in Yang-Mills theory on S'^ 
or an arbitrary fiat gauge field in Chern-Simons theory on or lens spaces) the 
Faddeev-Popov determinant obtained by the standard derivation in this setting is 
degenerate, and the perturbative techniques fail because the ghost propagator is ill- 
defined. To avoid these and related problems the considerations have been restricted 
to irreducible gauge fields on many previous occasions in the literature (e.g. 0|, @]). 
In this note we show that these problems can be avoided by a more careful derivation 
of the Faddeev-Popov determinant, taking account of certain gauge- fixing ambigui- 
ties which arise when the classical solution is reducible. The result is the following: 
Instead of the usual Faddeev-Popov determinant 



where A'^ denotes the classical solution around which the theory is quantised, we 
obtain 



Here V4 : Fq — ^ Pi is the covariant derivative map determined by a gauge field A ; the 
gauge fields are identified with the connection 1-forms on a principal fibre bundle P 
over the compactified spacetime manifold M and Pg denotes the space of q-forms on 
M with values in the bundle P g, where the compact, semisimple gauge group 
G acts on its Lie algebra g by the adjoint representation. The vectorspaces P^ have 
inner products determined by a riemannian metric on M and invariant inner product 
in g ; these determine the adjoint map in (0)-(0) and the orthogonal complement 
ker(VAc)^ of the nullspace ker(VAc) of Vac Note that the determinant in (^) makes 
sense at the formal level since Im(y|cVA) C Im(V|e) = ker(VAO^- In (g) V{Ha'^) 



det(V;cVA) , 



(1) 




(2) 
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denotes the (finite) volume of the isotropy group if^c of A'^ , i.e. the subgroup of the 
group Q of gauge transformations which leave A'^ unchanged. 

We go on to apply the result (|]) to the Chern-Simons perturbation theory on 
compact spacetime 3-manifolds developed by S. Axelrod and I. Singer in pointing 
out that their results on the finiteness and formal metric-independence of the pertur- 
bative expansions of the partition function derived for A'^ an irreducible fiat gauge 
field continue to hold for reducible A'^ when (0) is used. As in Q we still require A'^ to 
be isolated modulo gauge transformations though. The case of reducible A"^ isolated 
up to gauge transformations is an important special case since it applies for all the 
fiat gauge fields on a number of basic 3-manifolds, e.g. and the lens spaces, when 
G = SU{2). 

The Faddeev- Popov determinant 

Recall that the Faddeev-Popov procedure for rewriting the functional integrals of 
the form 

j VAf{A)e~^^^'^^ (3) 

(where S{A) is the action functional of the theory, f{A) is a gauge-invariant functional 
and a is the coupling parameteiQ) involves inserting 1 = P^c(yl) j P^c^A) in the 
integrand, where 

Pa4A)= [ VcP5iVU<l>-A-A'')) (4) 
is the Faddeev-Popov functional associated with the gauge-fixing condition 

VXc{A-A') = (5) 

Following , to avoid problems with the Gribov ambiguity, we have taken the domain 

of the formal integration in (^) to be the subgroup Qq of topologically trivial gauge 

^In Chern-Simons gauge theory we replace e"^'^'-'^'' in (||) by e''^'^'^^^ where S{A) is the Chern- 
Simons action functional. 
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transformations. Using the ^Q-invariance of S{A) , f{A) and Pac[A) the resulting 
expression for (^) is 

Vigo) j VAf{A)e-^'^^'^ Pac{A)-U{VUA- A")) (6) 

The standard evaluation of P4c(A)~^ in (P) leads to the Faddeev- Popov determinant 
(|l]). We will show that a more careful evaluation of Pa''\A)~^ leads to the new 
expression (^. The gauge-fixing condition (|^) has ambiguities coming from i/^c , i.e. 

VXc{A-A^) = Q V2c{(p-A-A'')=0 ycPeHA^. (7) 

To take this into account in the evaluation of P4c(A)~^ we introduce the map 

Q : Ue{HA'^)^y<HA'^ Go , Q{v , (p) := exp(t;)(/) (8) 

where Lie(i/A=)^ ^ Lie(^o) = To- The differential (i.e. 'Jacobi matrix') of Q at 

{OA), 

P(o,</,)Q : Ue{HA^)^(BT^HA^ ^ T^Gq (9) 
is an isometry, so formally 

|ciet(I)(o,</,)Q)| = 1 ycPeHAc (10) 

(To see that @ is an isometry consider for fixed (P&Ha-: the composition of maps 
Lie(6?o) = Lie(i7^c)^ © Lie(J/^c) ^ Ue{HA^)^®T^HA^ ""^^ T^Qo ^ UeiGo) 



where the first map is the isometry given by {w, a) i— > {w, ^ ^6*^0) and the last map 
is the inverse of the isometry Lie(^o) T^Go given by v ^ ^^6*^0. It is easy to 
see that this composition of maps is the identity on Lie(^o)- It follows that 'P(o,</.)Q 
must be an isometry since all the other maps are isometrics.) We now use the change 
of variables formula to calculate 



Pa^{A) = f Vcl^SiVM-A-A'')) 

= I V(l)Vv\dei{Vi^,..Q)\5(vX.{eA-A- A' 

JHAcxLieiHAc)^ ^ 
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[ Vcj) detfyicV^, 

J H AC \ 



Vcj) det V^cVa 



Ha. 



Lie{HAc) 



det 



-1 



(11) 



where we have used ( p!0D in the second hne and V^.a = (0-)y4=^(0')~^ ^ ^A'^ 
in the third hne. Since X^cVac is a positive operator we can discard the numerical 
signs in (|TTD in the relevant case where A is close to A'^ in A and arrive at the new 
expression (Q) for Pa=(^)~^ as promised. 

The gauge-fixed functional integral @ can now be written in a form which can 
be perturbativey expanded. We expand the action functional around the classical 
solution A"^ polynomial in S G Fi : 



S{A' + B) = S{A')+ < B , DacB > +SUB) 



(12) 



where Da<: is a uniquely determined selfadjoint operator on Fi. Substituting the 
expression for Pa=(^)"^ in (H) and writing the determinant as a formal integral 
over independent anticommuting variables C , (7 G ker(VAc)^ leads to the following 
expression for the gauge-fixed functional integral: 



X 



V{aB)VCVC f{A' + aB) exp | 
- < 5 , DacB >- <C, UacC > -^S^A^iaB) -a<C, V^.W, C] > } 

(13) 

where Da^ = VIcVac and Dac denotes its restriction to the orthogonal complement 
of its nullspace. In the Yang-Mills- and Chern-Simons gauge theories det(nA':) can 
be given well-defined meaning via zeta-regularisation. The ghost propagator D^c 
is well-defined on ker(V4c)-'-. The gauge field propagator D^i on Im(VAc)^ is well- 
defined provided that A^ is isolated up to gauge transformations in the space C of 
critical points for S. This follows from ker(DAc) = TacC (which can be shown by a 
general argument when the moduli space of C is smooth at the point represented by 
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A'^) since in this case T^cC = T^'^iG-A'^) = Im(V4c). Thus when A'^ is isolated up to 
gauge transformations the standard perturbative techniques may be apphed to (|T3p, 
leading to a perturbative expansion of the form 

oo 

Vigo)Zsc{a;A^)Y.a''lv{A^) (14) 
v=o 

where /o(-4'=) = /(A^) and 

Z,,{a-A^) = V{Ha^)-' det(^^^c)"'/' det(aAO'/' e'^^^^^^ (15) 

The y th term in (0) is the contribution from all the Feynman diagrams of order V . 
The weak coupling limit of (0), V{Qo)Zsc{<y; A^)f{A'^) , coincides with the contribu- 
tion from A'^ to the semiclassical approximation for (|^) obtained from the invariant 
integration method of A. Schwarz App. II (9)]. This is reassuring since Schwarz's 
method does not use gauge fixing, unlike ours. This also indicates that (0) will allow 
the relationship between the Faddeev-Popov determinant and the natural metric on 
the orbit space of gauge fields, pointed out by O. Babelon and C.-M. Viallet Q when 
the considerations are restricted to irreducible gauge fields, to be extended to the 
reducible case, although we will not pursue this here. 

Application to Chern-Simons perturbation theory on compact 3-manifolds 

Following we consider perturbative expansion of the Chern-Simons partition 
function 

Z{M,k) = -^ (vAe^^^^^ (16) 

where 

S(A) = — I TiiAAdA+-AAAAA) . (17) 
A-n Jm 3 

Here the spacetime M is a closed oriented 3-manifold, and for simplicity P is assumed 
trivial so the gauge fields A are g-valued 1-forms on M. Let be an arbitrary flat 
gauge field on M which is isolated up to gauge transformations, with fiat covariant 
derivative d = d^'' = ©q=o^g " the space Q = Q{M, g) = ©^^ofi''(M, g) of g-valued 

6 



differential forms on M (so Va- = ), and let HiA") = ®l=oH'i{A'') denote its 
cohomology. The requirement that be isolated up to gauge transformations is 
equivalent to H^{A^) = 0. 

We apply the gauge- fixing procedure of the preceding section to ([T6|). In this case 
we obtain the perturbative expansion 

ZiM,k,A'^) = ZUM,KA'^) {^Y^yi^^"^") (18) 

y=o,2,4,... Vft 

where /o(M, k, A'^) = 1 and 

In obtaining (p!9D we have used the results of 0. Here < a,b >g= — AgTr(a6) and 
r(M, A'^) is the Ray-Singer torsion of A'^. The modulus of (|19|) is metric-independent 
[0, §5]. The metric-dependent phase factor is discussed in [|, §2]. It has been verified 
[^] for wide classes of 3-manifolds that the expression for the semiclassical approxi- 
mation for Z{M, k) obtained from (|19|) coincides with the weak coupling (i.e. large 
k) limit of the expressions for Z{M, k) obtained from Witten's non-perturbative pre- 
scription 0. 

In 1^ the perturbative expansion (|18|) was considered for irreducible A'^. The 
results of the preceding section allow these considerations to be extended to reducible 
A'^ isolated up to gauge transformations (after suitable changes of variables in (0)) 
and the expressions for the coefficients /y(M, v4^) derived in ||^ continue to hold: 
Iv{M,A^) = for y odd, and for V even |, (3.54)-(3.55)] 

I TR(L„(xi,...,iv)''') (20) 



Iv{M,A'^) = cv\{\l fa^ 



i=l 

CV 



where cy = (27ri)5^((3!)^(2!)i^y!(|K)!)"^ Briefly, the notations are as follows (see 
[|, §2-3] for the details)^, {j""} is an o.n.b. for g, = fabcj^, ^4- is interior 

hi) 



^Here and throughout this section all repeated indices are to be summed over. 



multiplication by j^-^ , Lab{x,y) G (M^xMy) (singular at x = y) is given by 

iUrix) = f L,fe(x, y) A ij\y) ijj = i^'f e n{M, g) (21) 

J My 

where L : ^(M, g) n{M, g) is given by 

dL = TTrf Ld = TTd* (22) 

IT a and TTrf. are the projections onto the images of d and d* , and finally 

Ltotixi, ...,xv) = J2 ^abixi, Xk)Aj^i)Ajlk) (23) 

i,k=l 

e T{M^, X ■■■xM,^;A(©Jli(T*M,, ©g,))). 

We conclude this note by pointing out that the finiteness- and formal metric- 
independence properties of the perturbative expansion ([T8|) derived in ||^ for irre- 
ducible A'^ continue to hold in the present context. With the point-splitting regulari- 
sation of the expression (pOD for /y(M, A'^) is finite theorem 4.2]. The argument 
for this goes through for arbitrary fiat A'^ §6 Remark II(i)]. The extension of the 
metric-independence result of [Q to the present case is less obvious. It was shown 
in m §5] that the expression (^) for Iv{M,A'^) is formally metric-independent for 
irreducible A'^. (A subsequent rigorous treatment 0, §5] |T0[, taking account of the 
singularities in L^t in the diagonals Xi = Xk , reveals an anomalous metric-dependent 
phase). It was known to the authors of that the formal metric-independence of 
Iv{M,A'^) continues to hold for reducible A'^ §6 Remark II(i)], but since an ar- 
gument has not previously been provided in the literature we will give one here. A 
rigorous treatment of the problem in the very general case where A'^ is only required 
to belong to a smooth component of the modulispace has recently been announced 
and outlined by S. Axelrod |TT]]. However, the powerful new algebraic techniques out- 



lined there are not necessary to show the formal metric-independence in the present 
case. As we will see, this can be shown by much simpler means. 



To show the formal metric-independence of ( PDj ) in the present case we need gen- 
eralisations of the properties of the propagator derived in §3]. The property (PLl) 



generalises to 

du^xMyLabix, y) = {du^ + dMy)Labix, y) = (^SabS{x, y) - TTabix, ?/)) (24) 

where iVabix, y) is obtained from the projection tt onto the harmonic forms in the same 
way that Lab{x,y)was obtained from L (see (|2T|)). ExphcitlyQ, 

7v,b{x,y) = J2ht{x)h^{y)V{M)-\vol{y) - vol{x)) (25) 

i 

where vol{x) and vol{y) are the volume forms on and My respectively, considered 
as elements in Q^lM^xMy) , and {hi = hfj""} is a metric-independent basis for ker((io) 
chosen so that < hi{x),hk{x) >g= Sik VxgM. We decompose 

Lab{x,y) = L^^'\x,y) + L'~:,'\x,y) + L^^,'\x,y) (26) 
7^ab{x,y) = n^b^\x,y) + nl^'°\x,y) (27) 

where Q^^'''\x,y) E il{MxXMy) denotes a form of degree p on and degree q on 
My. Using (|2^) we find that the generalisation of the key property (PL4) of 0, §3] is 

6sgL';^b^\x, y) = dM,xMyBab{x, y) (28) 

for some -B(x, y) G Q}{Mx'xMy, g ® g) of the form 

Bab{x, y) = B^'\x, y) - Bt'\x, y) (29) 

together with 

du. {SsgL^ab'^ (x, y))=0 , dMy [5syL^af 2/)) = . (30) 

Here 5g is a variation of the chosen metric g on M. 

Now, repeating the calculation |^, (5.83)] gives in the present case 

5sMM. A^) = -\y{\y - l)cv(/?^ - 4'^) + ^Vcyl^^^ (31) 



*We are following the convention of (3.53)]. 
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where 

= l^^TRiBiTsfALtot)'-''-') (32) 
4'^ = / TR(i?LVV,.,(L,.,)i^-^) (33) 

= /^^TR((5,,lL?))(L,„,)^^-0 (34) 

(The derivation uses Stoke's theorem, and is therefore formal since L^f (xi, . . . , xy) is 
not smooth on . At all other points here and below we are rigorous). The integral 
ly^ is the one appearing in the calculation of §5], and vanishes by the argument 

(2) (3) 

given there. The integrals ly and ly are new features of the present, more general 
situation where is reducible. The key to showing that they vanish is to note that 

/ fabchy'' A ^/-^ = V/i G ker(rfo) , (p G ker(d*) , tfj G lm{d*) (35) 

JM 

and 

Labix,y) elmidljj , Lab(x, y) G Im((/X^J (36) 

The formula ( P^D follows from /a/ 0" A -0" = Vc;/) G kei^d*) , i/j G Im((i*) together 
with [h, G Im(d*) V/i G ker(rfo) , G lm{d*) , while (|3|) follows from (|2l|) and (H). 
To see that ly vanishes note that it can be expanded as a sum of terms where each 
term involves an integral of the form 

/ face{SsgL''^b^\y,Xij)Lcd{y,Xj))Lef{y,Xk) (37) 

J My 

(There are also terms where Lcd{y,Xj)Lef{y,Xk) is replaced by Lce{y,y) in (|37D but 
these vanish since the integrand contains no 3-forms in y in this case). Because of 
(13) and (H) it follows from (H) that vanishes. 

(2) 

The argument for the vanishing of ly is slightly more involved. Note that Titot = 
TTtotixi, . . . , xy) is given by a sum of terms as in (PBD, leading to an expression for ly 
as a sum of corresponding terms, each consisting of an integral over M^. A number 
of these terms vanish for one of the following reasons: 
(i) 7Vab{x,x) = 0. (This follows from {^^). 
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(ii) The integrand in the integral over (a differential form on M^) is not of degree 
3 in Xi for alH = 1, . . . , V^. (Then the integral over M^^ vanishes). 

(iii) The term contains an integral of the form 



Ml 



fabdh''{y)Lbc{y, Xi)Lde{y, Xj) 



(3^ 



which vanishes by (p5|)-(|36|). The only terms which do not vanish due to (i), (ii) or 
(iii) are those of the form 



11 w 



(39) 



or 



X Mx^ X Mx- X My 



X 



{faaehcMy)h''{z>ol{z)B^^/\z,y) 
Lff\y, Xi)Lgh{z, Xj)^fh{xi, Xj)} 



(40) 



To show that these vanish it suffices to show that 



f,,,h^iy)Bl'/\z,y)L',r>iy,x,) G ker((dMjo) 



(2,0), 



My 



(41) 



Then (g9|)-(|g) vanish due to (|3|)-(|6|) (note for (ID that h{z)vol{z) G ker(d*^^ 
To show (^iD we begin by noting that 



f Udh''{y)Li^,''\z,y)L^^'\y,x.) = 

My 



(42) 



for the same reason that (^8]) vanished in (iii) above. Taking the metric-variation of 
this gives 







facdh^iy) (55g4c y))LdT' (y > 



(2,0), 



facdh''{y)L''j^^^\z, y)6sgLl^T'iy, ^i) 



(2,0), 



dM. I facdh%y)Bt'\z,y)L'^'"{y,x,)+ I Udh''{y)Ll'/>{z,y)6sgL'^'"{y,x,) 



- (2,0) 



M, 



(1,1)/ 



(2,0), 



My 



(43) 



where we have used (^)-(|29|). The first term in (^) belongs to lm{dM^) while the 
second term belongs to Im(rf^j^) because of (^). Since lm{d*) = ker((i)^ C lm{d)^ 
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it follows that both terms in (^) vanish individually; the vanishing of the first term 
implies (^Tj). This completes the argument for the formal metric-independence of 

Conclusion 

We carried out a more careful version of the Faddeev-Popov gauge-fixing proce- 
dure for gauge theories quantised around a reducible classical solution A'^ , finding 
a new refined expression for the Faddeev-Popov determinant. Unlike the usual 
expression when A'^ is reducible, the ghost propagator associated with this expres- 
sion is well-defined. When A'^ is isolated up to gauge transformations in the space 
of classical solutions the gauge field propagator is also well-defined, and in this case 
the standard perturbative techniques can be applied to the gauge-fixed functional 
integrals. We applied this to the partition function of Chern-Simons gauge theory 
on a general compact 3- manifold, showing that the previous results of S. Axelrod 
and I. Singer on the finiteness- and formal metric-independence of the perturbation 
series continue to hold for reducible A'^. This opens up the possibility of carrying out 
explicit perturbative expansions of the Chern-Simons partition function for and 
lens spaces. Our expression for the lowest order term is consistent with the previously 
calculated nonperturbative expressions |^ for the weak coupling (large k) limit of the 
partition function. 

Acknowledgements. I am grateful to Siddhartha Sen for valuable discussions and 
encouragement during the course of this work. 
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